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A NEW CLASS OF MATRIX ALGEBRAS 

Jeno Szigeti 


Abstract. Using an endomorphism 5 : R —y R of a ring R and an invertible 
matrix W G GLn(/?), we construct the subring Mn(R, W, W~^) of the full 
n X n matrix ring Mn{R)- If S'^ = id/?, then for a cyclic permutation matrix 
H and for a special invertible diagonal matrix G, we exhibit the natural em- 
beddmgs S : R — ^ Mr^iR, S, H, R-^), S® : R[u;,5] —^ Mr,{R[z], 
and 5 : R —> M.n{R, S,G,G~^), where is a skew polynomial ring. If 

W and W~^ are over the centre Z{R), then we prove that Mn{Ri S, W, W~^) 
is closed with respect to taking the (pre)adjoint. If R is Lie nilpotent and 
A G Mn{R^ S,W,W~^), then the preadjoint and the corresponding right de¬ 
terminants and right characteristic polynomials provide a Cayley-Hamilton 
identity (of degree n^) for A with right coefficients in the fixed ring Fix((5). If 
R is Lie nilpotent and 5'^ = idj?, then we prove that R is right integral over 
Fix((5). The ring M^(R) of the so called graded n x n matrices is considered 
over a Z^-graded base ring R = Rq © i?i 0 • • • © Rn-i- We use an embedding 
7 : R —> M.fi(R) to prove that a Lie nilpotent R is right integral over Rq. The 
use of graded n x n matrices enables us to prove that for a Lie nilpotent i?, 
the condition 5'^ = idji implies that i?[u;,5] is right integral over Fix((5)[ic^]. 
The classical supermatrix algebras over the Grassmann algebra E appear in 
the form Mn(F^, s, D, D~^), where e is the natural automorphism of E and D 
is an invertible diagonal matrix. 


1. INTRODUCTION 

Throughout the paper a ring R means a not necessarily commutative ring with 
identity, all subrings inherit and all endomorphisms preserve the identity. The 
group of units in R is denoted by U(R) and the centre of R is denoted by Z{R). 

In Section 2 we give a natural definition for the transitivity of an n x n matrix 
over R. A complete description of such transitive matrices is provided. The "blow¬ 
up” construction gives an easy way to build bigger transitive matrices starting from 
a given one. We prove that the Hadamard multiplication by a transitive matrix 
T € Mn{Z{R)) gives an automorphisms of the full n x n matrix algebra M„(R). 

In Section 3 we use an endomorphism S : R —> R and the conjugation by 
an invertible matrix W G GLn(R), to define the subalgebra Mn{R,S,W,W~^) 
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of M„(i?) consisting of the so called (5, hh)-matrices. First we observe that the 
Hadamard multiplication by a transitive matrix T S M„(Z(i?)) is a conjugation in 
M„(i?) by an invertible diagonal matrix D determined by the first column of T. We 
use the notation 5, T) = 5, D, D~^) for the algebra of {6, D)-matrices. 

If (5" = idfl, then we exhibit the natural embeddings 

S: R —S' —S' M„iR[z],6,, H, R-^) 

and S : R —s- d, G, G~^), where R[z] is an ordinary polynomial ring, R[w, 5] 

is a skew polynomial ring, H is a cyclic permutation matrix and G is a special 
invertible diagonal matrix in M„(_R). Using the above <5® and imposing certain PI 
(polynomial identity) conditions on R, we derive similar PI properties for 

Section 4 is devoted to the study of the right and left (and symmetric) de¬ 
terminants and the corresponding right and left (and symmetric) characteristic 
polynomials of {6, IU)-matrices. If the entries of W and W~^ are central, then we 
prove that M„(i?, 6, W, W~^) is closed with respect to taking the preadjoint. As a 
consequence, we obtain that the coefficients of the mentioned characteristic poly¬ 
nomials are in the fixed ring Fix(i5) of 6. If R is Lie nilpotent of index k, then we 
derive that any matrix A G M„(i?, <5, W, W~^) satisfies a Cayley-Hamilton identity 
(of degree n^) with right coefficients in Fix((5). If R is Lie nilpotent of index k and 
(5" = idfl, then the use of <5 gives that R is right integral (of degree n^) over Fix((5). 

In Section 5 we deal with the ring M® {R) of the so called graded nxn matrices 
over a Z„-graded base ring i? = i?o ® -Ri © • •• © Rn-i- First we exhibit a natural 
embedding 7 : R —S' M®(i?). Then we prove that M®(i?) is closed with respect 
to taking the preadjoint. We proceed in a similar way as in Section 4 and show 
that the right characteristic polynomials of a graded matrix are in If R is 

Lie nilpotent of index k, then the use of 7 gives that R is right integral over Rq 
of degree nA. Using d® and the results in Sections 3,4 and 5, for a Lie nilpotent 
R of index k and for an automorphism with 5" = id^j, we prove that the skew 
polynomial ring i?[w,(5] is right integral (of degree n^) over Fix(5)[r(;"]. 

In Section 6 we explain in detail how the results of Section 4 generalize the 
earlier results in [S2]. The so called supermatrix algebra Mn,d{E) over the infinite 
dimensional Grassmann algebra E appears as M„(i?, e, P(d, n)), where P{d,n) is 
a special nxn transitive matrix. In order to demonstrate the importance of the 
above supermatrix algebras, we mention their role in Kemer’s theory of T-ideals 
(see [K]). New examples of similar matrix algebras over E are presented in 6.2 and 
6.3. These examples show that the matrix algebras introduced in Section 3 form a 
rich class of algebras. 

2. TRANSITIVE MATRICES 

Let M„(i?) denote the ring of n x n matrices over a (not necessarily commuta¬ 
tive) ring R with I. A matrix T = [U 7 ] in M„(R) is called transitive if 

= I and Ujtj^k = U,fc for all i,j, k G {1,... ,n}. 

Notice that Ujtj^i = ti^ = 1 and tj^iUj = tjj = 1 imply that tij and are 
(multiplicative) inverses of each other. 

2.1. Proposition. For a matrix T G M„(i?) the following are equivalent. 

(1) T is transitive. 
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(2) There exists a sequence gi € U(i?), 1 < i < n of invertible elements such that 
tij = 9i9j^ € {1,... ,n}. If hi € U(i?), 1 < i < n is an other sequence 

with tij = hihj^, then hi = giC for some constant c S U(i?). 

Proof. (1)=>(2): Take gi = ti^i, then the transitivity of T ensures that tij = 
= gigj^- Clearly, = gigf^ = hihf^ implies that h^ = g^c, 

where c = gf^hi. 

(2)^>(1): Now ti^i = g^g~^ = 1 and = gigj^gjgl^ = gigff^ = k^k- □ 

2.2. Proposition (’’blow up”). For a transitive matrix T = [tij] in M„(i?) and 
for a sequence Q = < di < ■ ■ ■ < dn-i < dn = m of integers define an m x m 

matrix T = \tp^q\ (the blow up of T) as follows: 

tp,q = ti,j if di-i < p < di and dj-i < q < dj. 

The above T is a transitive matrix in If necessary, we use the notation 

T{di,... ,dn-i,dn) instead of T. 

Proof. T = [Tij] can be considered as an n x n matrix of blocks, the size of the 
block Tij in the {i,j) position is {di — di-i)x{dj — dj-i) and each entry ofT^ j is tij. 
The integers p,q,r € {1,..., m} uniquely determine the indices i,j, k G {1,... ,n} 
satisfying di-i < p < di, dj-i < q < dj and dk-i < r < dk- The definition of 
T = [tp.q] and the transitivity of T ensure that 

tp^qtq^j' — — I'i^k — 

Thus the m x m matrix T is also transitive. □ 


2.3. Examples. For an invertible element u € U(i?), the sequence gi = 

1 < i < n in Proposition 2.1 gives an n x n matrix p(“) = [pij] with pij = u'^~T 
The choice m = 1 yields the Hadamard identity Hn (each entry of is 1). If n = 2 
and u = — 1, then we obtain the followinj 

p(-i) = P = 

For di = d and d 2 = m, the blow up 

P = P{d, m) = 


! X 2 matrix 

1 

-1 ■ 


-1 

1 


^1.1 

Pi,2 ■ 

P2,l 

P 2,2 


of P (see Proposition 2.2) contains the square blocks Pip and P 2,2 of sizes d x d 
and {m — d) X {m — d) and the rectangular blocks Pip and P 2 ,i of sizes dx{m — d) 
and (m — d) x d. Each entry of Pip and P 2 p is 1 and each entry of Pip and P 2 p 
is —1. Thus p(“\ Hn, P and P{d,m) are examples of transitive matrices. □ 


The Hadamard product of the matrices A = [oij] and B = [bij] in M„(P) is 
defined as A* B = [aijbij], 

2.4. Proposition. Let T = [tij] be a matrix in M„(Z(P)), where Z(P) denotes 
the center of R. The following conditions are equivalent: 

(1) T is transitive, 

(2) for A G M„(R) the map (Hadamard multiplication by T) 0t(^) = T * A is an 
automorphism of the matrix algebra M„(P) (over Z{R)). 
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Proof. (1)=4>(2): In order to prove the multiplicative property of 0 t, it is enough 
to check that T * {AB) = (T * A){T * B) for all A,Bg Indeed, the (z, j) 

entries of (T * A) (T * B) and T * {AB) are equal: 

n n n n 

^i,kik^j^i^k^k,j — ii,jkli^k^k,j — ii,j ^i^k^k^j • 
k—1 k—1 k—1 k—1 

The inverse of 0 t is 0^^(A) = 5'*A, where S = \t~^] is also transitive in M„(Z(_R)). 
(2)=>(1): Now ti^i = 1 is a consequence of T=i= J„ = Using the standard matrix 
units Ei^j and Ej^k in the multiplicative property of 0 t gives that 

ti,kEi^k = T * Ei^k = T * (EijEj^k) = {T * Eij){T * Ej^k) 

— — ti,jtj,kEi^k: 

whence U^k = U,jtj,k follows. □ 

3. MATRIX ALGEBRAS AND EMBEDDINGS 

If A, 0 : S' —^ S are endomorphisms of the ring S, then the subset 
S(A = 0) = {s e S I A(s) = 0(s)} 

is a subring of S (notice that A(l) = 0(1) = 1). Let Fix(A) = S(A = ids) denote 
the subring of the fixed elements of A. 

If (5 : i? —^ R is an endomorphism and W G GL„(i?) = U(M„(i?)) is an 
invertible matrix, then take 

S(A = 0) = M„(i?)(,5„ = 0) = {A G M„(i?) I S„(A) = WAW-^}, 

where S = M„(i?), A = (5„ : M„(i?) —M„(i?) is the natural extension of S and 
0(A) = IUAIU“^ is the conjugation by lU. Our notation for M„(i?)((5„ = 0) is 

M„(R, ,5, W, lU-i) = {A G M„(i?) I Sn(A) = WAW-^j. 

If C C Z{R) n Eix(i5) is a (commutative) subring, then M„(i?, i5, lU, IU“^) is a C- 
subalgebra of M„(i?). The elements of the matrix algebra M„(i?, 5, lU, IU“^) are 
called {S,W)-matrices. If IE G M„(Fix((5)), then M„(i?, i5, IE, IE“^) is closed with 
respect to the action of (5„. 

3.1. Proposition. If W G GL„(i?) is an invertible matrix such that IE, IE“^ G 
M„(Z(i?)), then the trace of a {5,W)-matrix A G M„(i?, (5, IE, IE“^) is in the fixed 
ring of S, i.e. tr(A) G Fix((5). 

Proof. Using the centrality of the entries of IE and IE“^, a direct calculation 
shows that tr(IEAIE“^) = tr(A) for all A G M„(i?). Thus for a matrix A G 
M„(i?, S, IE, IE“^) we have 

(5(tr(A)) = tr((5„(A)) = tr(IEAIE“^) = tr(A), 

whence tr(A) G Fix((5) follows. □ 

For a transitive matrix T = [tij] in M„(Z(i?)) and A G M„(i?) a straightforward 
calculation shows that T * A = DAD~^, where D = Ef^^ti^iEi^i and D~^ = 
s-re diagonal matrices over Z(i?). Instead of Mn{R,S, D, D~^) we use 

the notation 

Mn{R,6,T) = {A G M„(i?) I A = [aij] and S{aij) = Ujaij for all 1 < i,j < n}. 
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Any endomorphism S : R —> R can be naturally extended to an endomorphism 
5z : R[z\ —>■ R[z\ of the polynomial ring R[z\: for tq, ri..., r™ G i? take 

SzirQ + riz H-h r^z'^) = 6{ro) + 6{ri)z H-h 6{r^)z"". 

The elements of the skew polynomial ring R[w, <5] in the skew indeterminate w 
are left polynomials of the form f{w) = ro+riw + - ■ ■ + rkW^ with tq, ri,..., G R. 
Besides the obvious addition, we have the following multiplication rule in 
wr = 5{r)w for all r G i? and 

(ro + riw H-h rkW^){so + siw H-h siw'') = uq + uiw H-h Uk+iw^^\ 

where 

Um = ^ ri6^{sj) (for 0 <m < k + 1). 

If 5" = id/j (such a d is an automorphism), then ru" is a central element of i?[w, d]: 
we have i5"(r) = r and w"r = w'^~^5{r)w = • • • = d'^{r)w'^ = rw'^ for all r € R, 
moreover ru" commutes with the powers of w. 

3.2. Theorem. The inverse of the (cyelie) permutation matrix H = 

is H~^ = where the addition © and the subtraction © are taken in 

{1,... ,n} modulo n. If 6 : R —> R is an endomorphism and r € R, then 

_ n 

k^l 

defines a natural diagonal embedding 5 : R —> M„(i?) of rings. For r G R and 
c G Fix(i5) we have S{cr) = c6{r), S(rc) = S(r)c and S(c) = c/„. 

(1) If (5" = idfl, then S : R —> Mn{R,d, H, H~^) is an embedding of rings. 

(2) The choice (I®(r) = d{r) and S^{w) = Hz gives a unique possibility to get a 

homomorphic extension <5® : 5] —> M„(_R[ 2 ;]) of S. If (5" = id_R, then we 

claim that 

5®(ro + riw H-h rfcw'") = 5(ro) +d{ri)Hz H- \-6{rk)H’^z^ 

defines an embedding i5® : i?[w,5] —^ Mn{R[z],6z,H,H~^) of rings. If f{w) G 
i?[w, 5] and c G Fix((5), then S^{cf{w)) = cS^{f{w)), S^{f{w)c) = S^{f lw))c and 

S^{c) = cin. 

(3) For an invertible matrix W G M„(Fix((5)) fl GL„(i?), any ring homomorphism 
ip : R —5- M„(i?, 5, W, IF“^) with tpoS = SnOp has a unique homomorphic extension 

^ : R[w,6] ^M„{R[z],Sz,W,W-^) 

such that <!>(«;) = Wz. 

Proof. Since S{r) is diagonal, the verification of the fact that 6 is an injective ring 
homomorphism is straightforward. 

If r € i? and c G Fix(5), then S{cr) = c6{r), S{rc) = S{r)c and (5(c) = cin follow 
from 5^{cr) = cS^lj), S^(rc) = S^(r)c and S^(c) = c. 

(1) If (5” = id_R, then the calculations 

_ _ n n 

,5„(5(r)) = S(S(r)) = - 

2=1 2 = 1 
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^ 6^ ^ {r)Ei^i^iEk^kEjjQi — 

l< 2 ,/c,j<n 

n n 

^(^r)Ei^i^iEi^i^iQiEiQi^(^iQi')Qi = ^(^r)Ei^i 

i=l i=l 

and d("®i)“i(r) = d”(r) show that d{r) G M„(i?, d, iJ, 

(2) The additive property and the injectivity of d® is clear. In order to see the 
multiplicative property of d®, it is enough to prove that 

(5®((ru;*)(sw^)) = S^{rw^)S'^{sw^) 

for all 0 < i,j. The iteration of d(d(s)) = E[S{s)E[~^ yields (5(d®(s)) = E[^5{s)E[~^, 
whence d{6’‘{s))H'‘ = H^6{s) follows (notice that i?" = /„). Thus we have 

(5®((™*)(su>^')) = 6^{rS\s)w^+^) =6irS\s))W+^z*+^ =6{r)6{6\s))H^+^z^+^ = 
5{r)Wz^Sis)Wz^ = 

Since S®{r) = d{r) G Mn{R,S, E[, E[~^) and S^{w) G Mn{R[z],Sz, H, E[~^) is a 
consequence of 

Hd^iw)H-^ = H{Hz)H-^ =Hz= {5z)u{Hz) = (d,)„(<5®(u;)), 

we obtain that 6^{f{w)) G M„(i?[z], dz, iJ, iJ“^) for all f{w) G 
The further properties of d® follow from the analogous properties of 6. 

(3) We can proceed in a similar way as in part (2), take 

‘h(?'o + riw H-h rkw'") = (p{ro) + (p{ri)Wz H-h (p{rk)W'"z'' 

and use (p(i5*(s)) = W'‘ip{s)W~^. □ 

3.3. Theorem. Let gi G U(i?), 1 < i < n be a sequence of invertible elements 
such that 

9i ^ 9 ] + 9t ^9^ + ' ’' + 9i ” 5 ^ = ffi + 52 + ■ ■ ■ + ffn = 5i ^ ^ + ■ ■ ■ + 5n ^ = 0 

for all 1 < k < n — 1 and 1 < i,j < n with i ^ j. If n ^ inverse of 

the Vandermonde matrix 

y= E tsU=- E g’fEk,, . 

l<i,k<n ^ l<k,j<n 

If S : R —> R is an endomorphism and r G R, then the composition of the diagonal 
embedding S in 3.2 and the conjugation by V gives 

5{r) = VSir)V-^ = ^ [a:*,, (r)]„^„ 

as an R —5- M„(i?) embedding of rings, where 

n 

^^Ar) = E9-A’^-Hr)g^ . 

k=l 

If d" = id/j, g2 = 1 and gt G Fix(d) for all \ < i < n, then 6 is an R —5- 
d, G, embedding of rings, where G = Edf-igiEi^i and G~^ = 
are diagonal matrices. 
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Proof. It is straightforward to see that the conditions imposed on the elements gi, 
1 < i < n ensure that VU = UV = In- We also have 


S{r) = VS{r)V = 


E 9^ 

, l<2,fc<n 


Ei h 



t-1 


{r)Et, 



E = 

l<l,j<n j 


l<i,k,j<n 


9, 


-'^Enk6’^-\r)Ek,k9-Ek,j = - E 

^ \k—l 


i,k^ 




E ■ 

If g" = 1 for all 1 < 7 < n, then a direct calculation gives that VH = GV and 
= V~^G~^ with H being the permutation matrix from Theorem 3.2. If 
gi G Fix(d) for all I < t < n, then = V and dn{V~^) = V~^. If d” = id_R, 

then d„((5(r)) = H5{r)H~^ by (1) of Theorem 3.2. Using all of the above conditions, 
we obtain that 


E(^(r)) = 6n{V5{r)V-^) = V5n{5{r))V-^ = 
VH6{r)H-^V-^ = GV6{r)V-^G-^ = G6{r)G-^, 
whence S{r) G d, G, follows. □ 


3.4. Corollary. Let K be a field of charaeteristic zero and for 1 < i < n take 
gi = where e € K is a primitive n-th root of unity. Then the sequence 

gi G V{R), 1 < i < n satisfies all of the conditions in Theorem 3.3 (here R is 
an algebra over K). If S : R —> R is a K-automorphism with d" = id/j, then 
S : R —>■ d, G, G“^) = M„(i?, d, ) is an embedding of K-algebras, where 

pG) = [pij] with pij = gigj^ = 1 < t, j < n (see Example 2.3) is a transitive 

n X n matrix over K. 


Let Sym(m) denote the symmetric group of all permutations of the set {1,2,..., m} 
and consider the standard polynomial 

Sm{xi,...,Xm)= X! sgn( 7 r)a;^(i) • • • a;^(m) 

7r€Sym(m) 

in the free associative iL-algebra K {xi, ..., Xm) generated by the (non-commuting) 
indeterminates xi,..., Xm- 

3.5. Theorem. If R is commutative and d" = id/j, then S 2 n = 0 is an identity 
on R[w, d]. 

Proof. Since R[z] is also commutative and S 2 n = 0 is an identity on M„(i?[ 0 ]) 
by the Amitsur-Levitzki theorem, the existence of the embedding d® in part (2) of 
Theorem 3.2 completes the proof. □ 

3.6. Theorem. If Sm = 0 is an identity on R and d" = id^, then S(rn-i)n‘^+i = 0 
is an identity on i?[w,(5]. 

Proof. Since Sm = 0 is also an identity on R[z\ and S'(m-i)n 2 _|_i = 0 is an identity 
on M„(i?[z]) by Theorem 5.5 of Domokos [Dol], the existence of the embedding d® 
in part (2) of Theorem 3.2 completes the proof. □ 
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3.7. Theorem. If R is a Pl-algebra over a field K C Fix((5) and (5” = id/j, then 
is also a Pl-algehra over K. 

Proof. Since R[z] is PI and the full matrix algebra M„(i?[ 2 ;]) is also PI by (a special 
case of) Regev’s tensor product theorem, the existence of the embedding 5® in part 
(2) of Theorem 3.2 completes the proof. □ 

4. THE CAYLEY-HAMILTON IDENTITY FOR A (5, IF)-MATRIX 

The following definitions and the basic results about the symmetric and Lie- 
nilpotent analogues of the classical determinant theory can be found in [Do2, SI, 
SvW]. 

For an n X n matrix A = over an arbitrary (possibly non-commutative) 
ring or algebra R with 1, the element 

sdet(A) ^ ^ ®§^(^)^T(r),7r(T(r)) ' * ' ^r(t),7r(r(t)) ' ’ ' ^r(n),7r(r(n)) 

r,7r€Sym(n) 

^ ^ S§^(^)s§^(/^)^a(l),/3(l) ’ ' ’ ’ ' ’ ^a(n),/S(n) 

a,^^Sym(n) 

of R is the symmetric determinant of A. The preadjoint matrix A* = [a* g] of 
A = [aij] is defined as the following natural symmetrization of the classical adjoint: 

^r,s ^ ^ ^S^(^)^T(l),7r(T(l)) ' ’ ' ^t(s— l),7r(r(s —l))^T(s+l),7r(T(s+l)) ' ’ ' ^T(n),7r(T(n)) 

T.TT 

= X]sgn(a)sgn(/3) ^a(l),/3(l) ' ’ ' ^a(s—1),/S(s —l)^a(s+l),/3(s+l) ’ ' ’ ^a(n),/3(n) 5 
a,/3 

where the first sum is taken over all r, tt € Sym(n) with r(s) = s and 7r(s) = r 
(while the second sum is taken over all a, ft G Sym(n) with q;(s) = s and /3(s) = r). 
We note that the (r, s) entry of A* is exactly the signed symmetric determinant 
(—l)’'+'*sdet(As_j.) of the (n — 1) x (n — 1) minor Ag^r of A arising from the deletion 
of the s-th row and the r-th column of A. If R is commutative, then sdet(A) = 
n!det(A) and A* = {n — l)!adj(A), where det(A) and adj(A) denote the ordinary 
determinant and adjoint of A. 

The right adjoint sequence {Pk)k>i of A is defined by the recursion: Pi = A* 
and Pk+i = {APi ■ ■ ■ Pk)* for k > I. The fc-th right determinant is the trace of 
APi---Pk. 

rdet(fc)(A) = tr(APi • • • Pk). 

The left adjoint sequence {Qk)k>i can be defined analogously: Qi = A* and Qk+i = 
(Qk • • • QiA)* for k>l. The fc-th left determinant of A is 

ldet(fc)(A) = tr(Qfc • • • QiA). 

Clearly, rdet(fc+i)(A) = rdet(fc)(AA*) and ldet(fc+i)(A) = Idet(fc)(A*A). We note 
that 

rdet(i)(A) = tr(AA*) = sdet(A) = tr(A*A) = ldet(i)(A). 

As we can see in Section 5, the following theorem is a broad generalization of 
one of the main results in [S2]. 

4.1. Theorem. Let 6 : R —> R be an endomorphism and W G GL„(R) be an 
invertible matrix such that W,W~^ G M„(Z(i?)). If A G M„(i?, d, IF, is a 
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{5,W)-matrix, then A* G <5, IV, VF ^). In other words, the matrix algebra 

yin{R,5,W,W~^) is closed with respect to taking the preadjoint. 

Proof. The definition of A* and the element-wise action of ensure that Sn{A*) = 
Sn{A)* for all A G Since W,W~^ G M„(Z(_R)), the proof of Theorem 1.1 

in [Do2] gives that (WAW-^)* = WA*W-^ for all A G Thus for a matrix 

A G 5, W, W~^) we have 

5„{A*) = SniA)* = {WAW-^y = WA*W-\ 

whence A* G 6, W, W~^) follows. □ 


4.2. Theorem. Let S : R —> R be an endomorphism and W G GL„(i?) be an 
invertible matrix such that W,W~^ G M„(Z(i?)). If A £ d, IT, 1V“^) is a 

{6,W)-matrix, then we have 

rdet(fe)(T),ldet(fc)(A) G Fix((5) 

for all k > 1. In partieular sdet(A) = rdet(i)(A) = ldet(i)(A) G Fix((5). 


Proof. The repeated application of Theorem 4.1 gives that the recursion Pi = A* 
and Pk+i = (APi-'-Pk)* starting from a (5, IT)-matrix A G M„(i?, <5, IT, 1T“^) 
defines a sequence {Pk)k>i in M„(i?, 6, W, 1T“^). Since rdet(fc)(A) = tr(APi • • • Pk) 
is the trace of the product matrix APi ■ ■ ■ Pk G M„(i?, 5, IT, 1T“^) and the trace of 
a {6, IT)-matrix is in Fix((5) by Proposition 3.1, the proof is complete. The poof of 
Idet(fc) (A) G Fix((5) is similar. □ 


Let R[x] denote the ring of polynomials of the single commuting indeterminate 
x, with coefficients in R. The /c-th right (left) characteristic polynomial of A is the 
fc-th right (left) determinant of the n x n matrix — A in M„(i?[a;]): 


PA,k{x) = rdet(fc)(a;/„ - A) and qA,k{x) = ldet(fc)(x/„ - A). 
Notice that pA,k{x) is of the following form: 

PA,k{x) = -I-1- aI^V_ix" + A^^Jx" , 


where , A^''^,..., A^fJ G R and A^fJ = n {(n - 1)!} 


1+n+n H- l-n 


4.3. Corollary. Let 6 : R —R be an endomorphism and W G GL„(i?) be an 
invertible matrix such that IT, 1T“^ G M„(Z(i?)). If A £ M„(i?, <5, IT, 1T“^) is a 
{6,W)-matrix, then we have 

PA,k{x),qA,k{x) £ Fix(5)[a;] 

for all k > 1. In other words, the coefficients of the right pA,k(x) = rdet(fc)(x/„ —T) 
and left qA,k{x) = ldet(fc)(a;/„ — A) characteristic polynomials are in Fix(5). 

Proof. We use the natural extension 6x '■ P[a;] —^ R[x] of S. Since IT can 
be considered as an invertible matrix over Z{R[x]) = Z(R)[x\ and xin — A £ 
Mn{R[x\,5x,W,W~^), Theorem 4.2 gives that pA,k{x) = rdet(fc)(a;/„ — A) and 
qA,k(x) = ldet(fc)(x/„ — A) are in Fix(5a;) = Fix((5)[a;]. □ 
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4.4. Theorem. Let 6 : R —^ R he an endomorphism and W € GL„(i?) be an 
invertible matrix such that W,W~^ € M„(Z(i?)). If R satisfies the polynomial 
identity 

[[[. . . [[X1,X2],X3], . ■ .],Xk],Xk+l] = 0 

(R is Lie nilpotent of index k) and A G 6 , W, W~^) is a {6, W)-matrix, then 

a right Cayley-Hamilton identity 

iA)pA,k = + • • • + = 0 

holds, where the coefficients 0 < i < of PA,k{x) = rdet(fc)(x/„ — A) are in 
Fix(5). If X^J = n{(n — x)!|i+"+" ^ invertible in R and Fix(5) C Z{R), 

then the above identity provides the integrality of 5, PF, VF“^) over Z{R) (of 

degree ). 

Proof. Since one of the main results of [SI] is that 

{A)pA,k = InX\^'^ + TA^"^ + • • • + + A^'a^? = 0 

holds for A € Corollary 4.3 can be used. □ 

The combination of part (1) in 3.2 and 4.4 yields the following. 

4.5. Theorem. Let R be a Lie nilpotent algebra (over Q) of index k > 1. If 
S : R —> R is an automorphism with 5" = id/j, then R is right integral over 
Fix(5) of degree . In other words, for any r € R we have 

Co + rci + • • • + r + r =0 

for some Ct G Fix((5), 0 < t < n* — 1. 

Proof. Take H and as in Theorem 3.2 and consider the embedding 6 : R — 
Mn{R,S, H, H~^) in part (1) of 3.2. Theorem 4.4 ensures that 

luxi^^ +^(r)Af) + • • • + = o 

holds, where the coefficients of the fc-th right characteristic polynomial 
rdet(fc)(a;/„ -d{r)) = + A^'^^x H-h A|f 2 _ia;”'‘“^ + Alfjx”'” 

of S(r) G Mn{R,S, H, H~^) are in Fix((5) and A^t^ = g > 1 is an integer. For each 
0 < t < — 1 take ct = ^x[^^ G Fix((5). Thus 

5(co+rciH-hr” “^c„fc_i+r” ) =/„co+^(r)ciH-h(J(r))” “^c„fc_i + (5(r))” = 

(/„a(") + 5(r)Ai'=^ + • • • + (dir)r'‘-^xl^^_^ + (^(r))”'‘A^f^) • J = 0 

and ker((5) = { 0 } give the desired right integrality. □ 

4.6. Remark. If R is commutative, then r is a root of the polynomial f{x) = 

{x — r){x — 6{r)) ■ ■ ■ {x — (r)) and (5” = id^ implies that the coefficients of /(x) 

are in Fix((5). Thus in the commutative case we don’t need matrices to prove the 
above 4.5. We also note that a similar polynomial n.^gG(a; — 7 (a)) (where a G T is a 
root of a given irreducible polynomial q{x) G I^[x]) appears in the proof of the fact 
that the Galois group G of a finite normal field extension K C L acts transitively 
on the roots of q{x). 
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5. GRADED nxn MATRIX ALGEBRAS OVER A Z„-GRADED BASE RING 


A Z„-grading of a ring R is an n-tuple {Ro,Ri,... where each Ri is an 

additive subgroup of R such that i? = i?o ® -Ri ® ‘' ® Rn-i is a direct sum and 
RiRj C Rmj for all i,j G {0,1,..., n — 1}, where i ffl j is the sum of i and j in 
{0,1,..., n — 1} modulo n: 


m „■ = / i + J if * + i < n - 1 
1 {i + j) — n if n < i + j 

The relation RqRq C Rq ensures that Rq is a subring of R. Now any element r € R 
can be uniquely written as r = tq + ri + • • • + r„_i, where € Ri- It is easy to see 
that the existence of 1 G i? implies that 1 G i?o- 
For i,j G {1, 2,..., n} we use the notation 


jBi 


j -iifi <j 
n+U - i) if j <i 


in the following definition. A matrix A = [a^j] in M„(i?) is called graded (with 
respect to the above Z„-grading of R) if aij G RjSi holds for all 1 < j < n. We 
note that the subset M®(i?) of all graded matrices in M„(i?) is a subring and a 
(i?o, i?o)-bi-submodule of It is clear that 


M9(i?) = Ao©Ai©---©A„_i 
is a Z„-grading of M® (A), where 


Vj — RiEi^iQi © RiE2^2®i © • • • © RiEn,n®i i 0 < 1 < U — 1 

and the sums j © i, 1 < j < n in the indices are taken in { 1 ,... ,n} modulo n. 
Using the cyclic permutation matrix iJ = from Theorem 3.2, a natural 

(i?o, i?o)-embedding of R into M® (i?) can be presented as follows. 


5.1. Proposition. If R = Rq (B Ri (B ■ ■ ■ (B Rn-i is a hn-grading of R, then for 
riGRi,0 <i<n — 1 the assignment 

jiro + ri H-h r„_i) = roH° + riH H-h = X) 

defines a (hn-graded) embedding 7 : R —> M®(i?) of rings. 


Proof. The additive property and the injectivity of 7 is clear. The multiplicative 
property of 7 follows from WW = = iL®® and 


E 

0<fc<n-l 


E 


I lOj 




E eh 

, 0<i<n-l 



5.2. Theorem. If R = Rq(BRi(B- ■ -(BRn-i is a Zn-grading of R and A G M® (R) 
is a graded matrix, then A* G M®(i?). In other words, the ring M®(R) of graded 
matrices is elosed with respect to taking the preadjoint. 

Proof. The (r, s) entry of A* is 

^r,s ^^®§®^(®^)^T(l),7r(T(l)) ' ’ ' ^r(s —l),7r(T(s—l))^T(s+l),7r(T(s+l)) ' ’ ' (n) ,7r(r (n)) 5 

r,7r 

where the sum is taken over all r, tt G Sym(n) with t(s) = s and 7 r(s) = r. Since 
aT(i). 77 (T(i)) G -R 7 r(r(i))BT(i) (for all 1 < i < n, i 7 ^ s) by the graded property of A, 
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the properties of the Z„-grading i? = i?o © -Ri ® • • • © Rn-i ensure that a* ^ G Rt, 
where 

t = (7r(r(l)) B r(l)) ffl • • • ffl - 1)) B t(s - 1)) B 

B ( 7 r(T(s + 1)) B t(s + 1)) B • • • B ( 7 r(r(n)) B r(n)). 

The repeated use of the commutativity of B gives that 

t = ( 7 r(l) B 1) B • • • B ( 7 r(s — 1) B (s— l))B( 7 r(s + 1) B (s + 1))B---B ( 7 r(n) B n) = 


where 


tr B 



s B r, 


tr = (7r(r) B r) B (7r^(r) B 7r(r)) B • • • B (7r*(r) B tt* ^(r)) = s B r 

comes from the only cycle (r, 7r(r),7r*(r) = s) of tt containing s (as well as r), 

tc = (7r(i) B i) B B Tr{i)) B • • • B B 7r'=(t)) = B t = 0 

comes from the cycle C = (i, 7 r(i), ..., 7 r^(t)) of the permutation tt not containing s 
(and hence r) and the summation runs over all such cycles. B 


5.3. Theorem. If A G M®(i?) is a graded matrix with respect to the 7j„-grading 
R = Ro(B Ri® ■ • - (B Rn-i of R, then for the k-th right determinant and k-th right 
characteristic polynomial of A we have 

rdet(fc)(A) G i?o o,nd pA,k{x) = rdet(fc)(a;/„ — A) G i?o[a;] 

for all fc > 1 . 


Proof. The repeated application of Theorem 5.2 gives that the recursion Pi = 
A* and Pk+i = {APi ■ ■ ■ Pk)* starting from a graded matrix A G M-f{R) defines 
a sequence (Pfc)fc>i in M®(i?). Each diagonal entry and the trace rdet(fc)(T) = 
tv{APi ■ ■ ■ Pk) of the graded matrix APi ■ ■ ■ Pk G M® (i?) is in Rq. 

Since xin — A G M„(i?[a;]) is a graded matrix with respect to the induced Z„- 
grading = i?oN © i?i[a;] © • • • © Rn-i[x\ of R[x\, we obtain that pA,k{x) = 
rdet(fc)(a;/„ — A) is in i?o[a^]- D 

5.4. Theorem. If R = Rn ® Ri ® ■ ■ ■ ® Rn-i is a Zn-graded and Lie nilpotent 
algebra (over Q ffRo) of index k > 1, then R is right integral over Rq of n*. In 
other words, for any r G R we have 

co+rciH -h r” + r” =0 

for some Ct G Rq, 0 < t < — 1. 

Proof. Consider the embedding 7 : R — > M® (i?) in Proposition 5.1. Theorem 5.3 
ensures that 

+ 7(r)A« + . •. + (7(r))”^-^A(l^ + (7(r))”^A« = 0 
holds, where the coefficients of the /c-th right characteristic polynomial 
rdet(fc)(a;/„ - 7 (r)) = + A^'^^x H-+ 
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of 'y(r) G M® (i?) are in Rq and = q > 1 is an integer. For each 0 < t — 1 
take ct = ^Af^^ G Rq. Since 7 (ct) = ct/„, we have 

7(co+rci + - • •+r"'‘"^c„fc_i+r”'“) = /„co+7(r)ciH-h(7(?’))"*’“^c„fc_i + (7(r))”'“ = 

+ 7(r)Af) + • • • + (7(r))”'‘-'A«_, + {j{r)r" a[^^) -1=0 
and ker( 7 ) = {0} give the desired right integrality. □ 

5.5. Theorem. Let R be a Lie nilpotent algebra (over Q) of index k > 1. If 
S : R —> R is an automorphism with <5” = id^j, then R[w, (5] is right integral over 
Fix((5)[w”] of degree . In other words, for any f{w) G i?[w, (5] we have 

+ f{w)gi{w"’) H-h + f"’\w) = 0 

for some gt{w^) G Fix((5)[w”], 0 < t < — 1. 

Proof. Take H and II~^ as in Theorem 3.2 and consider the embedding (5® : 
—>■ Mn{R[z],Sz,II,II~^) in part (2) of 3.2. Theorem 4.4 ensures that 

/„A«(z) + 5®(/M)A«(z) + ... + (5®(/Hr'‘-iA(l^(^) + (<5®(/HrA«(z) = 0 
holds, where the coefficients of the fc-th right characteristic polynomial 
rdet(fc)(a:/„ - (5®(/(w))) = A‘'g \z) + a[’'\z)x H-h + A^';^(z)a:"*’ 

of (5®(/(w)) G Mn{R[z],Sz, H, H~^) are in Fix((5z) = Fix((5)[z] and A^^^{z) = q>l 
is an integer. 

Since 

(5®(ro + Tiw H-h rmw"^) = S{ro) + d{ri)Hz H-h 5{rm,)II"^z‘^ 

and each 6 {ri)II^z^ is graded with respect to the natural Z„-grading 
R[z] = i?[z”] © zR[z^] © • • • © z^-^R[z^], 
we obtain that S^{f(w)) G M9(i?[z]). Theorem 5.3 gives that 
rdet(fc)(a;/„ - (5®(/(■u;))) G {R[z'^])[x], 

whence At{z) = fit{z^) G Fix((5)[z"] follows for all 0 < < < — 1. 

Since i4" = In, for any polynomial /r(z”) G Fix((5)[z”] there exists a (unique) 
polynomial g{w^) G Fix((5)[u;”] such that 

= coin + CiZ^In + ■■■ + C,iZ"% = S(co) +S(ci)II’^Z^ + ■■■ +S(c,i)II"‘^Z^‘‘ = 
5®(co + ciu;" + • • • + Cdu;"^) = S^(g(w^)), 
where the coefficients cq, ci,..., G Fix((5) of /j(z") and g{w^) coincide. For each 
0 < f < — 1 take gt{w^) G Fix((5)[u;"] such that 

S^igtiw^)) = = -At{z)In. 

q q 

Thus 

<5® {goiwn + fHgiiw^ + • • • + r'‘-\w)gn^_,iw-) + r\w)) = 

i(/„Ao(z) + 5®(/(u;))Ai(0) + --- + (5®(/(u;))"'‘-iA„._i(2) + (<5®(/(u;))"A„.(2))=O 
and ker((5®) = {0} give the desired integrality. □ 
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5.6. Remark. Theorems 4.4, 4.5, 5.3, 5.4 and 5.5 have left sided versions. 

6. MATRIX ALGEBRAS OVER THE GRASSMANN ALGEBRA 

If i? = i?o ® is a Z 2 -grading of i?, then the function p : R —5- R defined by 
p(ro + Ti) = To — ri is an automorphism of R with = idi,;. 

6.1. Example. The so called supermatrix algebras M„ are considered in [S2]. 

In view of Fix(p) = Rq and p{ro+ri) = —(ro +ri) tq = 0, it is straightforward 
to see that Mn,d{R) = p, P{d, n)), where P{d, n) is the nxn blow up matrix 

in 2.3 with m = n. 

The Grassmann (exterior) algebra 

E = K {vi,V 2 , ■ ■ ■ ,Vi,... I ViVj + VjVi = 0 for all I < z < j) 

over a field K (of characteristic zero) generated by the infinite sequence of anticom- 
mutative indeterminates {vi)i>i is a typical example of a Z 2 -graded algebra. Using 
the well known Z 2 -grading E = Eq (B Ei and the corresponding automorphism e of 
E, we obtain the classical supermatrix algebra M„_d(A) = Mn{E,e,P{d,n)). 

Since = id^; implies that (£n)^ = idM„(£;)j we can take e = —I, R = M„(E) and 
(5 = e„ in Corollary 3.4. Thus we obtain the known embedding 

(^) : Mr,{E) M 2 (M„(E), £„, P(-1)) ^ M 2 „(A, e, P{n, 2n)) = M 2 „.„(E;) 

of M„(E) into the supermatrix algebra M 2 „,„(i?). 

In view of Fix(£) = Eq = Z(i?), the application of Theorem 4.4 gives that M„ (^(i?) 
is integral over Eq of degree (see Theorem 3.3 in [S2]). Thus the main results of 
[S2] directly follow from 4.1, 4.2, 4.3 and 4.4. □ 

We note that the T-ideal of the polynomial identities (with coefficients in K) 
satisfied by M„ ^((E) plays an important role in Kemer’s classification of the T-prime 
T-ideals (see [K]). 

6.2. Example. For an integer fc > 0 let 

E{k) = © 

denote the fc-homogeneous component of E, i.e. the AT-linear span of all products 
zzjj ■ • - Vi^ of length k (E(0) = K). If e G AT is a primitive n-th root of unity, then 
define an automorphism pe ^ E —> E as follows 

Pe(/z(vi, V 2 ,... ,Wfc,...)) = /z(ez;i,ez;2,---,ez;fc,---), 

where each generator in /z G E is replaced by ev^. 

Consider the matrix algebra M„(E, pe, P*-®^), where = [pip] is the same nxn 
transitive matrix (with j 1 < i, j < zz) as in Corollary 3.4. If A = [hij] 

is a matrix in M„(P, pe, P*-®^), then we have pe{hij) = for all 1 < i,j < n. 

Since for an integer 0 < m < rz — 1 

(ev,,)■■■ {ev ^^) = e'^Vi, 

holds if and only ii k — m is divisible by rz, we obtain that 

OO 

Em n = {h € E \ Pe{h) = P^h)} = © E{m + nu) 

u—0 
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and 

E-m,n ={h&E \ Pe{h) = = En-m,n 

Thus the shape of pe, is the following: 


Mn{E,p„P^^'>) 


-£' 0 ,n 


^—{n— 2 ),n 

E-{n- 

^l,n 

-^ 0 ,n 

E-l^n 

E-[n- 





^n— 2 ,n 


^ 0 ,n 

E-: 

En—l,n 

^n— 2 ,n 

^l,n 

Eq, 


Since (pe)” = ids, Corollary 3.4 provides an embedding pe : E —pe, pC)), 
In view of the Lie nilpotency of E (of index 2), the application of Theorem 4.4 gives 
that any matrix A G pe, satisfies a right Cayley-Hamilton identity 

of degree v? with (right) coefficients from Fix(pe) = Eq^u- If n is even, then 
Po,n C Pq = Z(P) is a central subalgebra and the coefficients in the mentioned 
right Cayley-Hamilton identity are central. The application of Theorem 4.5 gives 
that E is right (and left) integral over Po,n of degree n^. 

If n = 2 and e = — 1, then Po ,2 = Eq is the even and Pi ^2 = Pi is the odd part of 
the Grassmann algebra E and M 2 (P, p_i, P^“^^) = M 2 (P,£, P) (for P see 2.3). □ 


6.3. Example. For g G E, let a : E — > E be the following map: 

ct( 5 ) = (1 +111)5(1 -wi). 

Clearly, 1 — vi = (1 + ui)“^ implies that cr is a conjugate automorphism of E. The 
blow up Q{d,n) of the transitive matrix 

1 1 + V 1 V 2 

1 — V1V2 1 



is in M„(Po) (notice that Eq = Z{E)). Thus we can form the matrix algebra 
Mn{E,a,Q{d,n)). The block structure of a matrix A G Mn{E,a,Q{d,n)) is the 
following 


A = 


^ 1,1 ^ 1,2 

^2.1 ^2,2 _ ’ 


where the square blocks Ai^i and ^ 2,2 are of sizes d x d and {n — d) x {n — d) and 
the rectangular blocks Ai ^2 and H 24 are of sizes d x {n — d) and {n — d) x d. The 
entries of Ai^i and GI 2.2 are in 


Fix(cr) = {5 G P| (l+wi) 5 (l-i;i) = 5 } = {5 G P|vi5-5-yi=0} = Cen(vi) = Po+Poiii, 


where Cen(vi) denotes the centralizer of vi. The entries of Hi .2 are in 


Hi,2 = {5 € P I (1 + 111)5(1 - wi) = (1 + wi 112)5} = {5 G P I 1115 - 5111 = 1111125} 


= {50 + 5i I 5o € Po, 51 € Pi, iii5i - 51V1 = 111V250 and vi 11251 = 0} 

= {50 + 5 l I 50 G Po, 251 — U 250 G PoTl} Q Eq + EqVi + EqV 2 - 
The entries of H 2.1 are in 

H2,i = {5 G P I (1 +111)5(1 - 111) = (1 - 111112)5} = {5 G P I 1115 - 5111 = -viV2g} 


= {50 + 51 I 5 o G Po, 5 i G Pi,iii 5 i - 5 iiii = -11111250 and 11111251 = 0} 
= {50 + 5l I 50 G Eq, 2gi + V 2 go G EqVi} C Eq + EqVi + EqV 2 
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As a consequence, we obtain that the shape of cr, Q{d, n)) is the following: 


Mn{E,a,Q{d,n)) 


Eq + Eqvi 

fl2,l Eq + EqVi 


with diagonal blocks of sizes d x d and {n — d) x {n — d). In view of the Lie 
nilpotency of E (of index 2), the application of Theorem 4.4 gives that any matrix 
A G Mn(E,a,Q(d,n)) satisfies a right Cayley-Hamilton identity of degree with 
(right) coefhcients from Eq + EqVi. □ 
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